For improving the accuracy and processing speed of phase extraction, a new phase extraction algorithm based on the spatial carrier-frequency phase-shifting gradient (SCFPS-G) is proposed. First, three-frame sub-interferograms along the direction of spatial carrier-frequency phase-shifting gradient (SCFPS-G), which can be constructed by the differential method from only one-frame spatial carrier-frequency interferogram (SCFI). And then, the measured phase will be extracted by unknown phase-shifting algorithms. Compared with the existing spatial carrier-frequency phase-shifting (SCFPS) algorithms, the proposed SCFPS-G algorithm not only can improve the efficiency of constructing sub-interferograms, but also decrease one-frame sub-interferogram requirement for phase extraction, so the data redundancy of interferogram and the influence of noise will be reduced. Specially, it is found even if the carrier frequency becomes very small, corresponding to the large spatial bandwidth utilization of image sensor, the proposed SCFPS-G algorithm still can work well. And the obvious advantages of the SCFPS-G algorithm in accuracy, processing time and feasibility of phase extraction can be demonstrated by the numerical simulations and the experimental results.
Introduction
Dynamic phase measurement which requires rapid speed and high accuracy of phase extraction [1] , [2] is an important research topic in phase-shifting interferometry (PSI), there are mainly Fourier transform (FT) algorithms [3] , [4] , spatial simultaneous phase-shifting algorithms [5] and spatial carrier-frequency phase-shifting (SCFPS) algorithms [6] - [12] . Though FT algorithm requires only one-frame spatial carrier-frequency interferogram (SCFI), but the corresponding accuracy of phase extraction is seriously affected by the filter window [13] - [15] . In addition, the spatial simultaneous phase-shifting algorithm requires two or more image sensors, so the experimental procedure becomes complicated.
The SCFPS algorithm without above problems is first proposed in [9] by introducing onedimensional spatial carrier-frequency, then the phase extraction can be implemented by the threestep phase-shifting algorithm, but the accuracy of phase extraction is not high. Subsequently, by introducing the two-dimensional spatial carrier-frequency, the phase extraction is achieved by the least squares iteration (SCFPS-LSI) [10] , the least squares iteration and the Fourier transform (SCFPS-FTLS) [11] , the principal component analysis (SCFPS-PCA) [12] , the diamond diagonal vectors (SCFPS-DDV) [16] and other algorithms. However, above these SCFPS algorithms need construct four-frame sub-interferograms, so the data redundancy and calculation time will be increased. Moreover, the carrier-frequency direction of SCFI will seriously affect the phase extraction accuracy.
In this study, a new phase extraction algorithm based on the spatial carrier-frequency phaseshifting gradient (SCFPS-G) is proposed, in which only three-frame sub-interferograms need to be constructed, and then the measured phase will be obtained by the unknown phase-shifting algorithm. In addition, the proposed SCFPS-G algorithm reveals obvious advantages in the accuracy, processing time of phase extraction, and data redundancy reduction of interferogram by contrast to the existing SCFPS algorithms. And when one-dimensional or two-dimensional spatial carrier frequency is introduced in SCFIs, the proposed SCFPS-G algorithm still reveals high accuracy. Specially, it is found that even if the carrier frequency becomes very small, corresponding to the large spatial bandwidth utilization of image sensor, the proposed SCFPS-G algorithms still can work well.
Theory and Method
Suppose the intensity of the location (i, j ) in one-frame SCFI without any object to be measured is usually represented with
Where A (i , j) and B (i , j) represent the d.c.term and modulation amplitude term in pixel (i, j ), respectively; f i and f j denote the frequency along i and j directions, respectively.
The d.c.term and modulation amplitude term are regarded as slowly varying signals, so by performing the differential operation on equation (1) along i and j directions, respectively, we will obtain two equations expressed as
Through equations (2) and (3), the value of phase shift gradient can be achieved
Also, the direction of the phase-shifting gradient can be expressed as an arc tangent function
And then, in the procedure of constructing sub-interferograms, the number of moving pixels must be integer, thus the phase extraction can achieve the best accuracy when the number of moving pixels of SCFI is limited to less than or equal to two (both along i and j directions). Following, we construct three-frame sub-interferograms along the phase-shifting gradient direction as follows
Where m and n can be determined by tan α ≈ n/m (m, n = 0, 1 or 2). Also, by using equations (6), (7) , and (8), the measured phase will be obtained with unknown phase-shifting algorithms, such as the normalized and orthogonal phase-shifting algorithm (NOPSA) [17] , diamond diagonal vectors (DDV) algorithm [18] , principal component analysis (PCA) [19] and advanced iterative algorithm (AIA) [20] . The specific steps of phase extraction with SCFPS-G algorithm are as follows: 1) Perform the differential operation in one-frame SCFI to obtain the direction of phase-shifting gradient. 2) Construct three-frame sub-interferograms along the direction of phase-shifting gradient.
3) Extract the measured phase with unknown phase-shifting algorithm. Fig. 1 shows the schematic diagram of constructing three-frame sub-interferograms from oneframe SCFI. If f i = f j , the direction of phase-shifting gradient α = π/4 (m = n = 1), can be determined by equation (5) . And the area of blue box in the middle is thought as the first sub-interferogram (S 1 ), by moving one pixel of S 1 along both i and j directions, we achieve the second sub-interferogram S 2 , and then along both the -i and -j directions to obtain the third sub-interferogram S 3 . Thus, we achieve three-frame sub-interferograms
Experiment
For the sake of verifying the performance of the SCPFS-G method proposed in this study, we built up the Mach-zender interferometer system, in which a He-Ne laser with the wavelength of 632.8 nm is used as the lighting source, and a sensor with 576 × 768 pixels with each pixel size of 10 μm × 10 μm is used to capture interferograms. Also, two micro-objectives with same model and the magnification of 25× are placed in the object light path and reference light path, respectively. The measured sample is the fired polyethylene pellet. First, we respectively capture 150-frame SCFIs with and without the sample, and then intercept 300 × 300 pixels from each frame SCFIs as the calculation area. Second, three-frame sub-interferograms are constructed by the proposed SCFPS-G algorithm from one-frame SCFI.
In contrast, we also present the results of phase extraction with some unknown phase-shifting algorithms which are the DDV, PCA and AIA algorithms with different constructing sub-interferograms methods, as shown in Fig. 2 and Table 1 . From Fig. 2 , we can see that the result of phase extraction by combining the proposed SCFPS-G and PCA named as the SCFPS-G-PCA algorithm is closer to the reference phase than that of the conventional SCFPS-PCA algorithm. Moreover, it is shown in Table 1 that the accuracy of phase extraction which can be described by RMSE (Root Mean Square Error) and PVE (Peak-valley Error) between the extracted phase and the reference phase with the SCFPS-G-DDV or SCFPS-G-PCA or SCFPS-G-LSI algorithms are higher than the conventional 
Simulation and Analysis
To further illustrate the applicability and advantages of the proposed SCFPS-G algorithm, we will analyze the influence of different directions, size of carrier-frequency, and noise intensity on the phase extraction accuracy, respectively. 
The Effect of the Different Directions of Carrier-Frequency
One-frame SCFI with size of 300 × 300 pixels is obtained from equation (1), in which the pixel length and width are set as 10 μm; the d.c.term and modulation amplitude term are set as A (i , j) = 100 · e −0.05(i 2 +j 2 ) , B (i , j) = 95 · e −0.05·(i 2 +j 2 ) , respectively; the distribution of reference phase is ϕ(i , j) = 5 · e −(i 2 +j 2 )/0.5 , as shown in Fig. 3 (a) . The size of the carrier-frequency along i and j are set as 2π · f i = 0.8 · cosβ rad/pixel, 2π · f j = 0.8 · sinβ rad/pixel, respectively; and the β denotes the carrier frequency direction, reflecting the angle between carrier-frequency and the horizontal direction, is increased from −π/2 to π/2 in the step length of 0.06 rad. Second, a Gaussian white noise with the mean of 0 and the standard deviation of 1 is added to the SCFI. After that, the phase extraction is performed by combining the SCFPS-G algorithm and principal component analysis (SCFPS-G-PCA) or SCFPS-PCA, respectively. The variation curve of RMSE with the carrier frequency direction can be showed in Fig. 3(b) . From Fig. 3(b) , we can see that SCFPS-PCA algorithm has the highest accuracy when the carrier-frequency angle is π/4 but it can't work when the angle of carrier-frequency is close to 0 and ±π/2 due to two-frame of the extracted four-frame sub-interferograms cannot carry phase shift. In contrast, the proposed SCFPS-G-PCA algorithm still can obtain accurate phase extraction regardless of the spatial carrier-frequency directions because three-frame sub-interferograms are still effective.
The Effect of the Different Size of Carrier-Frequency
Except for the value of the carrier frequency, the other simulation conditions are the same as Fig. 3(b) . It is assumed that 2π · f i = 2π · f j and the corresponding value is set as 0.1 to 1 rad/pixel in step length of 0.02 rad/pixel. And the achieved simulation result is shown in Fig. 4 .
We can see that although the RMSE obtained from the SCFPS-G-PCA or SCFPS-PCA algorithm is decreased with the increasing of carrier frequency, the phase extraction accuracy with the former is high relative to the latter. Specially, it is found even if the carrier frequency becomes very small, corresponding to the large spatial bandwidth utilization of image sensor, the proposed SCFPS-G algorithm can still maintain well result.
The Effect of the Noise-Level
Finally, we simulate the effect of noise on the phase extraction accuracy. Also, the simulation conditions are the same as Fig. 3 (b) , and it is assumed that 2π · f i = 2π · f j = 0.8 rad/pixel, then adding a Gaussian white noise with different standard deviations to the SCFI. The achieved result is shown in Fig. 5 . We can see that the RMSE with the SCFPS-G-PCA algorithm is greatly lower than that of the SCFPS-PCA algorithm, further indicating the accuracy advantage of the SCFPS-G-PCA algorithm relative to the SCFPS-PCA algorithm.
Conclusion
We have presented a new phase extraction algorithm based on the spatial carrier-frequency phaseshifting gradient (SCFPS-G), which can reduce the data redundancy and improve anti-noise ability in contrast with the existing SCFPS algorithms, so both the calculation speed and accuracy of phase extraction are improved. In addition, whether one-dimensional or two-dimensional linear spatial carrier-frequency is introduced to the SCFI, the proposed SCFPS-G algorithm can achieve phase extraction retrieval with high accuracy. What's more, even if the carrier frequency becomes very small, corresponding to the large spatial bandwidth utilization of image sensor, the proposed SCFPS-G algorithms still can work well. In a word, the proposed SCFPS-G algorithm reveals obvious advantages in the accuracy, processing time and applicability of phase extraction.
